Co-evolution exhibited by a network system, involving the intricate interplay between the dynamics of the network itself and the subsystems connected by it, is a key concept for understanding the self-organized, flexible nature of real-world network systems. We propose a simple model of such co-evolving network dynamics, in which the diffusion of a resource over a weighted network and the resource-driven evolution of the link weights occur simultaneously. We demonstrate that, under feasible conditions, the network robustly acquires scale-free characteristics in the asymptotic state. Interestingly, in the case that the system includes dissipation, it asymptotically realizes a dynamical phase characterized by an organized scale-free network, in which the ranking of each node with respect to the quantity of the resource possessed thereby changes ceaselessly. Our model offers a unified framework for understanding some real-world diffusion-driven network systems of diverse types.
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PACS numbers: 05.65.+b, 89.75.Hc, 89.75.Fb, 05.40.Fb Today, the term "network" is common in our everyday lives, in which it often refers to large-scale, complexly structured, conglomerations of interactions in real-world systems. Typically, these networks are not static, but change continuously in response to the activity of the subsystems that they connect. For example, traffic networks among cities supporting the transportation of people and products are frequently reformed to meet the current needs as cities develop or decay, and conversely, this reformation of the networks influences the growth or decay of the cities. A similar process takes place in the case of communication networks [1] . In social networks, human behavior is strongly influenced by social relationships, and at the same time, the relationships among people change continually as a result of their behavior. This intricate interplay between individuals and their relationships creates the complex structures of human societies [2] . The essence of such real-world systems resides in the co-evolving dynamics of the individual subsystems and the networks of interactions through which they are connected. To understand the mechanisms governing such dynamical network organization, we have to consider the interplay between the dynamics both on and of a network.
In the last decade, there have been two major trends in the investigation of the type of co-evolving dynamics described above. One trend is to focus on the topology of the network. It is well known that real-world networks possess some common topological features [3] [4] [5] . One such feature is a scale-free structure, in which the "node degree" (the total number of links connected to a node) exhibits a power-law distribution [4, 6] . In the attempt to explain these features, many models describing the evolution of the topology have been proposed. The other trend is to focus on the collective behavior of the dynamical subsystems interacting on complex but static networks [7] . The aim of such studies is to investigate how various observed topological features of the network influence the nature of the dynamical systems coupled through the links of the network.
Most studies employing the approaches described above focus on only one of the two aspects of co-evolving dynamics, evolution of the network topology or evolution of the dynamical states of the nodes on a static network. However, co-evolving dynamics, in which the network topology and the nodal states evolve simultaneously and interdependently, is an interdisciplinary subject of growing interest [8] . To facilitate further systematic studies of such systems, a general mathematical framework for modeling co-evolving real-world networks is needed. As a first step toward this goal, in this Letter, we propose a simple model of co-evolving weighted networks. This model is schematically depicted in Fig.1(a) . The basic concept of our model is as follows. We assign a dynamical variable, x i , to each node. The dynamics of these variables are governed by a reaction-diffusion equation in which nodes are coupled through the weighted links of the network. This dynamical variable at each node can be regarded as the quantity of the "resource" at that node. Additionally, we assume a physically reasonable resourcedependent dynamics for the link weights. We systematically investigate the collective behavior that emerges asymptotically through the interplay between these dynamics both on and of the network.
We now describe the model. First, let us consider a weighted network with N nodes. The link structure of the network is defined by the adjacency matrix a ij , in which a ij =1 if a link exists between the nodes i and j and a ij =0 otherwise. We assign a time-dependent symmetric weight w ij (t) (= w ji (t)) to each existing link. This weight represents the strength of the interaction. Here we study a system in which it is these strengths of the interactions that change in time. More precisely, we consider a system in which there exists a fixed set of connections among nodes, with each connection characterized by a weight, w ij (t). We consider the reaction-diffusion dynamics of a single quantity on this network. We refer to this quantity as the "resource", which may be, for example, molecules, cells, people or money. The value of this quantity at the ith node at time t is represented by x i (t). In general, the evolution of x i (t) is assumed to be described by an equation of the following form:
where ∆x i (t) ≡ x i (t + 1) − x i (t). Here F (x) represents a reaction process undergone by the resource. The weights w ij (t) control the diffusion process as follows. This process can be understood as consisting of the combined motion of many random walkers, in which the walkers at the node i move to the node j in a single time step with the time-dependent probability Dw ji (t)/s i (t). Here, s i (t) is the strength of the node i, defined by s i (t) ≡ j∈Ni w ji (t) = j a ij w ij (t), where N i is the set of nodes connected to the node i. The master equation for the resource is thus given by
where the second and third terms are the inward and outward currents of the resource at the i-th node, respectively. For the reaction process, we employ simple dissipation with equilibrium state x = 1, described by
Next, we describe the evolution of the structure of the network. It is reasonable to assume that the evolution of a weight w ij (t) depends on the quantities of the resource at the corresponding nodes, x i (t) and x j (t). As a first step, we assume a linear dependence on each, with the weight w ij (t) merely relaxing to x i (t)x j (t), appealing to the law of mass action. Then, employing the simplest form, we stipulate the dynamics of the weights to be described by
where the parameter ǫ −1 represents the relaxation time scale of the weight dynamics. It should be noted that in these dynamics it is possible for a link to be effectively eliminated, because weights can become vanishingly small.
The co-evolving dynamics of the entire system are described by the simple equations (1) and (2) . Despite their simplicity, however, we have found that the interplay between the two types of dynamics that they describe can yield power-law distributions of the resource and the weights, even when the underlying topology of the network is not scale-free. Figures 1(b) -(d) display a typical result of the numerical simulations, where an Erdös-Rényi (ER) random graph was used for a ij . As displayed in Fig. 1(b) , the cumulative distribution of the resource takes a power-law form with exponent γ ∼ −1 in the asymptotic state. This result is consistent with an empirical law found to characterize many physical and social phenomena, including word frequencies in natural languages, populations of cities, statistics of Web access, and company sizes [9] , namely, Zipf's law [10] . As seen in Figs. 1(c) and (d) , the weights w ij and strengths s i also exhibit power-law distributions in the asymptotic state with different exponents. For details of the network dynamics, see Figure S1 and the movie included in the Supplemental Material.
In the following, we focus on the extreme case κ = 0, which can be readily treated analytically. In this case, the resource merely diffuses over the network without dissipation, and the total quantity of the resource is conserved. Furthermore, to obtain insight into the interplay between the diffusive resource and the weight dynamics, 
FIG. 2. (color online).
In the extreme case κ = 0, in which the resource diffuses over the network without dissipation, we find two regimes, corresponding to different types of dependence of wij (t) on xi(t) and xj(t), characterized by the value of a parameter α (see Eq. (3)). In these two regimes, qualitatively different network structures are realized in the asymptotic state.
(a) The co-evolving network dynamics yields a scale-free structure with a power-law resource distribution for α = 1.25 and a non-scale-free structure for α = 0. here we investigate the situation in which the resource dependence of the weight dynamics takes the generalized form
We determine the types of organized network structure realized as a function of the parameter α, which controls the non-linearity of the resource dependence. Figure 2 summarizes the numerical results. As seen there, two distinct types of network structure appear through the dynamics, as determined by the value of α. In the case α ≥ 1, there emerges a power-law resource distribution in which a few very resource-rich nodes (hubs) and many resource-poor nodes coexist. Contrastingly, in the case α < 1, the resource is distributed almost evenly among all nodes, and no prominent hubs appear. We now analyze the asymptotic behavior of the system, making some simplifying approximations that allow us to extract meaningful results. Let us first consider separately the dynamics of the resource distribution and set of link weights in the artificial cases that the other is held fixed. First, if the link weights were static, the quantities x i would converge to the equilibrium solution x * i = s i /( k s k /N ). Second, if the resource distribution were held fixed, the weights would relax to the solution w * ij = (x i x j ) α . With these considerations, we conjecture that the asymptotic dynamics can be approximated by updating the variables x i and w ij in an alternating manner using two maps, x i (n+1) = s i (n)/( k s k (n)/N ) and then w ij (n + 2) = (x i (n + 1)x j (n + 1)) α , where n denotes the number of the iteration. Although this approximation might be too crude, the results it produces exhibit reasonable agreement with the numerical simulations of the original system, as shown below. Next, using the first of the above maps, we can eliminate x i (n) in the second. Then, using the update rule for the strength s i , we obtain
where c n = 1/( k s k (n)/N ) 2α . In addition, we consider the case in which the network topology a ij is chosen as a regular random graph, which means that each a ij is selected randomly, but j a ij is a predetermined constant, k 0 . Then, using a mean-field approximation, we finally obtain the following relation for the strength after n iterations with the initial value s i (0):
The asymptotic behavior resulting from the above maps can be classified into three cases, corresponding to three types for the value of α: α > 1, α < 1 and α = 1. We now consider these individually. In the case α > 1, for a given initial strength distribution P 0 (s), we have P n (s) ∝ P 0 (s α −n )s −1+α −n . In the asymptotic limit n → ∞, the distribution P n (s) behaves as P n (s) → s −1 . In Fig. 2(b) , it is seen that this powerlaw strength distribution appears not only in the case of a regular random graph but also in the case of an ER random graph. This suggests that the above analytic result holds for a more general network topology. As shown in the top graph of Fig. 2(b) , an increase in the link weight between two nodes tends to become larger when the quantities of the resource at these nodes increase. This leads to the emergence of hub nodes. This scaling-up effect represents a kind of "rich get richer" or "economies of scale" behavior. In the opposite case, α < 1, s i (n) in Eq. (5) converges to a uniform constant in the limit n → ∞; i.e., Eq. (5) becomes s i (n) ∝ s (0) 0 . The validity of this theoretical prediction has been confirmed numerically for regular random graphs, as shown in Fig. 2(b) . For ER random graphs, owing to the variability of the degree, the strengths do not converge to identical values but, rather, to some distribution with finite variance. Note that the strength distributions for both types of random graphs in the case α < 1 possess a characteristic scale, which implies a finite mean strength.
In the critical case, α = 1, the situation is very delicate. Theoretically, according to Eq (5), the strength after n iterations should be given by s(n) = s(0), and thus the strength distribution should not change. However, this prediction is inconsistent with the numerical results, as we have already seen that a power-law strength distribution is realized for both regular random graphs and ER random graphs (see Fig. 2 ). For complete graphs, however, the situation is different. In this case, the strength distribution remains unchanged, as predicted by the analytic treatment (data not shown). These results lead us to conclude that a more accurate approximation of the asymptotic dynamics is required [11] .
In the case with no dissipation (κ = 0), the exponent of the power-law distribution is always −1, provided that α ≥ 1. This type of strength distribution has been reported for the global cargo shipping network [12] . In the general case with dissipation (κ = 0), the exponent of the resource power-law distribution generally depends on the parameter values, such as the decay constant, κ, and the diffusion constant, D. Figure 3(a) plots the exponent of the cumulative distribution of the resource in (κ,D) space. These results were obtained by fitting the numerically generated distributions to the form x γ with a least-squares fit. As seen there, the exponent decreases to about -1.5 with increasing κ and decreasing D, and eventually the resource distribution ceases to be of a powerlaw type. We thus see that the resource disparity among the nodes is an increasing function of D and a decreasing function of κ.
Interestingly, even in the case that the system has realized its asymptotic, stationary power-law distribution, the resource ranking among the nodes continues to change through the co-evolving dynamics. In Fig. 3(b) , it is seen how the quantities of the resource possessed by the top 20 nodes (according to the ranking at t = 36000) gradually change in time from t = 36000 to t = 40000, with the rankings occasionally being exchanged. The link weights similarly continue to evolve over the entire network, even in the asymptotic regime. This kind of dynamical phase of an organized scale-free network is observed generally in the case κ = 0. Note that this dynamical system described by Eqs. (1) and (2) includes no random noise. Contrastingly, in the case κ = 0, the resource ranking of the nodes becomes fixed asymptotically (see Fig. 3(c) ). Therefore, in addition to elucidating the statistical characteristics of the network emerging asymptotically, our model is able to describe the microscopic dynamics exhibited by a dynamical state in which both the link weights and the resource distribution continue to change indefinitely (see Fig. S2 in the Supplemental Material). This suggests that our model may be applicable to the investigation of the vicissitudes of social phenomena, including the dynamics of business activity, webpage access rankings and city populations [13] .
In conclusion, we have proposed a simple model of a co-evolving weighted network exhibiting a dissipative diffusion process of a resource over a weighted network and resource-dependent evolution of the network link weights. We have demonstrated numerically and analytically that both the resource and weight distributions exhibit powerlaw forms in the asymptotic state as a result of the interplay between these two types of dynamics. We believe that the most important finding of this paper is the existence of a dynamical phase of the organized scale-free network for a system with dissipation. From this, we conclude that our model can treat the dynamical formation of microscopic structure in a weighted network. We believe that our model provides a useful basic framework for the modeling of co-evolving weighted networks and that through the application of various generalizations, it should be useful for investigating real-world systems of many kinds. For example, generalizing the model to include reaction dynamics with multiple resources, it would be readily applicable to a wide range of actual physical and social systems, including systems driven by chemical reaction-diffusion dynamics, predator-prey dynamics and population dynamics.
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